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Motivation

e Numerous problems in physics involve field
systems in tubular regions, e.q.
— Beam oscillations in tubular regions,
— Spin resonances on charged orbits,
— EM fields in wavetubes.

e Use fully covariant methods and exploit
coordinate freedom.

— Adapt coordinates to the spacetime
geometry of the problem.




Coordinate systems adapted to curves

e Frenet frame {t,n,b} of a curve C(s):

_V

— Frenet-Serret equations (s is arclength):
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— Geometry of C is completely specified

by {k(s),7(s)}.



Coordinate systems adapted to curves

e Use {n,b} to develop coordinate systems
based on C:

— Frenet cartesians {s,£1,&5}:
r = C(s) + {1n(s) + &2b(s).

24
9




Exterior differential calculus

e Differential forms are totally antisymmet-
ric tensors and correspond directly with
geometric structures.

e On R3:
— 0O-forms correspond to points,
— 1-forms correspond to lines,
— 2-forms correspond to planes,
— 3-forms correspond to volumes,

c.f. finite element modelling.

e [ here exist only 3 basic operations on
differential forms - d, » and [:
dd = 0,
**x = +1,

/da=/ Q.
c Oc



Frames of reference on spacetime

e Constitutive properties of a medium are
specified using a frame of reference on
Spacetime.

— Timelike future-pointing normalized vec-
tor field V'
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e VV can be any frame of reference.

e Accommodates accelerating media.



Summary

e Formulate field system in covariant form
on spacetime.

e Adapt the coordinate system to the ge-
ometry of the problem.

e EXxploit the computational power of exte-
rior differential calculus.

— Only 3 operators - d,* and | :

dd = 0,
*x = +1,

/da=/ Q.
c Oc



Example : Active Sagnac interfer-
ometry

e Rotating ring laser (e.g. inertial guid-
ance)

— Rotation splits co- and counter-rotating
frequencies.

— Classical analyses are based on ray-
optics and lead to the classical Sagnac
beat frequency

4€) - A
5VSagnac =~ P (1)

Does a more careful field analysis yield the
same results?



Large ring lasers

e UG1 at the University of Canterbury, New
Zealand:

— He-Ne ring laser (474THz) with di-
mensions 21m x 17.5m. Largest ring
laser in the world.

— The instantaneous direction of the Earth’s
rotation axis has been measured to a
precision of 1 part in 108.

— Lunar perturbations of the Earth’s ro-
tation and the Oppolzer modes have
been measured.



Covariant Maxwell equations

e Maxwell's equations on spacetime:

dF = 0,
dx G = 3,
F=-VAE+ B,
G=-VAD+H

where for a homogenous, isotropic and
dispersionless medium

D = eregly,
B = prpoH.

e Use adapted coordinates to solve the co-
variant Maxwell equations.

— Obtain all the modes inside a non-
planar laser cavity.



Rotating ring lasers on flat space-
time

e Frequency difference for a pair of counter-
propagating modes:
40 - A  conT
—+ :
AP N

5VSagnac e

e Example : crown-shaped He-Ne ring laser

— Ring radius is 150m, fixed on the Earth
and centred at the poles:

0VSagnac == 21.0kHz + 29.6kH 2.
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Conclusion

e A general method for analysing field sys-
tems in confined geometries has been pre-

sented.

— Covariant formulation in terms of dif-
ferential forms.

— Adapt coordinate system to geometry.

e A specific application (ring lasers) has
been discussed.

— Non-planarity of the ring laser geom-
etry can lead to significant modifica-
tions of the classical Sagnac beat fre-

quency.

e [ hetoolscan be applied to analyse charged
beam dynamics in particle accelerators.
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