Linear Optics with Space-Charge

Consider a single particle, charge g, moving with velocity v.
In rest-frame, electrostatic field Eg, and Bg = 0.

In lab-frame, transformation equations are
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Simple-minded explanation

2D point chargesg experience repulsive electrostatic force of magnituc

2
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Particles moving with speedwv equivalent to two current wires I = qv.

Magnetostatic force between two current wires is attractive of magnitude

" 9nrr 2@r

Combined force is a repulsive self-field (1 |

For electrons travelling at or close to ¢, space-charge forces can be negligible.
v

For proton or ion machines, where — = 3! 0.5, el ects are important.
C

Note: other factors come in, e.g. intensity.




lllustration of Space-Charge
Tune Shift

Consider a 2D axisymmetric beam with charge densityl (r) = qn(r).

Electric field is radial and inside the beam is given by Gauss’ Flux Theorem.

1
{Flux of E through circle of radius r} = —! {charge enclosed}.

=! 2! rE ,.(r) —/#dv = —/ 2 r#(r) dr
= E.(r) = ——/ m(r)dr
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Magnetic beld is angular, from AmpereOs Law B adl = pg! {current Bowing
through loop}
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Consider aGaussian distribution n(r) = Aexp (!

Space charge force on a particle is
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Equation of motion is
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where R is the radius of the ring, ! Is angular distance round the ring (s¢
q2
4#%m002

"cdt = Rd!), rg is the classical radiusrg = and Q Is the tune.




Equation of motion becomes:
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Equivalent to ) — Q) +! (), where
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Space-charge (Laslett) tune shif

Most pronounced at low energies when3*~* is small, particularly for bright,
Intense beams




Equations of Particle Motion with
Space-Charge
Consider a paraxial beam with uniform circular cross-section of radius a.
Gauss’ Flux Theorem gives |

prmr?ley r<a
€0 pma’ley r>a
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Equations of Motion are:

"+ k(s)x

y" + k(s)y
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Ky”+ (k(S)! K)y
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perveanct

I Is the beam current Nq! ¢
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Iy IS the characteristic current

Corresponding envelope equation is:
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Envelope Equation

== Emittance dominated
Space-charge dominate
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For space-charge dominated beamsa” = = with initial values ag, a;

Use normalised coordinatesA = i, S= 2K~
Ao Ao

d?A 1 o . ,
A" o5 = 55 Which integrates to AP # AE=1In A

In some high current applications, nee
to transport beam through tube o
diameterD and lengthL with help of a

focussing lens. Require waist at centre
equal diameters at ends.

Graphs show a maximum val$=2.16,
hence a maximum current that can b
transported for a given tube diameter.
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Beam size v. distance (normalised units




Consider upper curve, which hasa;,=0.

Beam radius doubles in (normalised) distanc
S! 212
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For 1! A! 2, this can be approximated to ~ 3% by & ~ 2(A — 1)%

Then beam radius Is A = ai =
0
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For an electron beam g ~ 1.7 x 10%

Beam doubles in size when s=1.31 x 10% x (12 —1)¥4' Y24,

If kinetic energy Is equal to rest energy 511 keV, and current is 200 A, the

s =21.0ag, or 525cm for a 2.5cm bean

For a proton beam, | ~ 3.13 x 10’

so doubling occurs whers =5.591 103! (12" 1)¥4 V25,

In ISIS at injection, T = 70MeV, | ~2.7A — s~ 840ag




For the complete envelope equation (round beam, no focusing),

Multiply by 2a’ and integrate:
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a’l = —c;i—z + 2K In a + constant

dl
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If K # 0 this has to be evaluated numerically:.




Beam Transport in a Uniforn
Focusing Channel

Assume no applied accelerating force and canonical angular momentum py = 0

Paraxial ray equation for axisymmetric beam of radiusa Is
K
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where k? represents linear external focusing forceK is the perveance

Corresponding envelope eguation

Best known example is the long solenoid channel (see BuschOs theorem above), w
o= Lo qB
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For microwave sources, using time ¢t as independent variable, ray equation is
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Matched Beams

For a constant focusing channel, there is a special solution witra =constant.
Beam envelope Is a straight line.
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Introduce the wave number K defined by k? = (—W> =k§i — —=

A a2

Then ka2 = |

- 2 - 21 1 2
In terms of frequencies, w” = wj! Fw;

k and w debne the wavelength\ = 27 /k and oscillation frequency due tc
the action of both the applied force and the space-charge force.

Note ! < 1lg. !/l is the tune depressiondue to space-charge.




Special Case

1. Laminar flow, ! = 0.
1
2

——  Brillouin Row
Ko

Beam radius is ap =

2. Negligible space-charge, K ! 0.
1
2

A
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Beam radius is ag = (k_> c.f. Twiss " = 1/k ¢, constant.
0
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Introduce dimensionless parameteiu = ST Into
0-

Then | . = a= ag u+t

|
Equivalently a= %aB 1+ 1+u'?
Without space-charge, a beam of zero emittance has radius ay.
As current increases, beam radius expands and diameter of beam pipe

needs to be large enough to accommodate.




Suppose maximum beam size iy = an; then acceptanceis ! = kga?

Maximum beam current that can be transported follows from the maximum
perveance:

Observe:

¥ transportable current increases rapidly with particle energy
¥ acceptance! must exceed the emittancee of the beam.

¥ Maximum current when ¢/! I 0 (laminar beam limit).

In this case,K = k§a? or w§ = —wz (well known result for
nonrelativistic ideal Brillouin Bow)




Tune Depression

Zero space-charge particle equation
Space-charge particle equation

Frequencies ! o= ko"¢c, ! = k"¢

Recall ka’ =1, kpa’? ="', u=

K 1 2 2Ko! U
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Therefore tune depression isl'— il 1+ u2" u
' 0 0 .

Limit between space-charge and emittance dominated beams Ka? = 12

12 " 1

U= — = — = —; then find U= “—

Ko! 21 2" 0 2 2

0=K2" " k2= k2" 2kkou" K2.

" For tune shifts below 0.71, beam is dominated py
space-charge; above 0.71, emittance dominates
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Mismatched Beams

. K 172 |
Matched beam radiusw  k§@! —! — = k*@! — =0
@ a @

Mismatched beam: Puta =@ + X In envelope equation,x " @

K X
Then X"+ ki(g+ X)! — 1+ =

a a

=" (to brst-order) X"+

So envelope oscillations have the form X" +k?X =0

K 2
where k2 = k§+¥+3j§

= k§+ (k§! k%) +3k°=2k§+2k°

" Single particles oscillate with frequency ! while the envelope oscillates )
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with frequency
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In terms of the plasma frequency

we = dwi! wl =2wp 1!

Known as in-phase mode for an axisymmetric beam. Solutions for the quadrupole
(elliptical) case give the out-of-phase mode
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For a long solenoid channel and zero intensity (K = 0), particles oscillate
at the Larmor frequency while the envelope of the mismatched beam
oscillates at the cyclotron frequency.

For ideal Brillouin Bow (e =0), w = /2wy = wp and envelope oscillate
with the plasma frequency.

Note: valid only for small mismatch | X|! a.




Zero current: noteee

Envelope Dacillation=a
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Single Particle TaJeetorae
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Envelope Dacillation=a
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Single Particle TaJeetorae




Envelope Dacillation=a
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Single Particle TaJeetorae
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Single Particle TaJeetorae
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Beams with Elliptical Cross-section

Space-charge potential for a uniform round beam is (E = —V!):

NQ X2+y
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L (X,Y,8) =

For a uniform elliptical beam with semi-axesa, b,
!

#

Lxy) =,

$ 0 otherwise
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The electric pPeld within the beam, from PoissonOs equatidn?!
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corresponding to a potential
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These give the coupled set of equations for beam particles and beam envelc

2K X
a+ ba
2K y
a+ bb

X" + Ky (S)X !

y" + Ky(s)y !
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