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... don't worry: it’s still the "ideal world"
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... Particle acceleration whithout emittance or beta function
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Rutherford Scattering, 1911

Using radioactive particle sources:.
{} particles of some MeV energy
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Reminder of Part /

Equation of Motion:

X"+K x=0
K=Kk

K=1/p?>—k é hor .

Solution of Trajectory Equations
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Transformation through a system of lattice elements
combine the single element solutions by multiplication of the matrices
M MQF*MD*MQD* end Mp
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Question:what will happen, if the particle performs a second turn ?

... or a third one or ... 1®turns
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Astronomer Hill:

differential equation for motions with periodic focusing properties
AHiIi | | 6s equationh

Example: particle motion wit
periodic coefficient

equation of motion: X(9—K9 X =0

restoring forcel const , quasi harmonic
k(s) = depending on the position s oscillatiamplitude & phase will depenc
k(s+L) = k(s), periodic function on the position 3$n the ring.



The BeataFungion

General solution of Hill s equation:
) X(9=veB(3-cosf (9+9)

U0 = integrationconstantsdetermined by initial conditions

b(s) periodic functiongiven byfocusing propertieof the latticez qu adr up ol ¢

pls+L)=pB(s
|l nserting (1) into the equation of mot
S
w(s) =
!ﬁ(S)
Q(s) = Aphesfe tahdev aorscceid | ati on bet ween
For one complete revolution: number of oscillations per tuAnT u n e fi
1 ds
Qy:z;;'g;
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8.) The BeamHnintdanece
General solution of Hills equation:  X(9 =\/E\/ S(9 cos y (SH¢

X(9) = \/_ﬁ%[a(s)cos v (9+¢ +siny (¢ |

b(s) =periodic functiongiven byfocusing propertief the lattice

pls+ =409

U= constant,determined by initial conditions of the particle ensemble.
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//_7 Liouville: in reasonable storage rings
area in phase space is constant.
X
/ A ="*=const

U beamemittance= woozilycityof the particle ensembléntrinsic beam parameter
cannot be changed by the foc. properties.
Scientifiquely spokenarea coveredn transverse x, Xxphasespacé and i1t i1 s ¢

v




Phase Space Ellipse
particel trajectory: ~ X(9) = \/Ex/ B(9 cos y (sH¢

max. Amplitude: Xs) = /B xXat that position é°7?

¢ pHY)  e=y(9* X(3+H2am(B &P () B )SK)S
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X'=—a-\elp

% A high b-function means a large beam size and a small beam divergence.!
€ et vice versa ! 11

* In the middle of a quadrupol® is maximum,
U= zero X=0
€ and the ellips



Phase Space Ellipse
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shape and orientation of the phase space ellipse
depend on the Twiss parametdys) o



Emittance of the Particle Ensemble:

x(s) = Ve JB(S) -cos¥ () + o) X(s) = e /B9

1 x2

GauB p(X) = N-e e 20
Particle Distribution: Jero,

particle at distancd (f r o m ¢ &8.3 % of all beam particle:

single particle trajectories, M 1 Pper bunch

vertical: ov g =24.376 - um
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LHC: aperture requirements: = 10 *{



