
Bernhard Holzer, CERN

Introduction to Transverse  Beam Optics

II.) Twiss Parameters & Lattice Design 
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Bunch in a storage ring
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... don't worry: it's still the "ideal world" 

... Particle acceleration whithout emittance or beta function
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Historical note:

Rutherford Scattering, 1911

Using radioactive particle sources:
Ų- particles of some MeV energy
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Reminder of Part I

Solution of Trajectory Equations

)cos()sin(

)sin(
1

)cos(

lKlKK

lK
K

lK
M foc

lKlKK

lK
K

lK
M defoc

cosh(sinh(

sinh(
1

cosh(

10

1 l
M drift

Equation of Motion:

é  hor. plane:

é vert. Plane:
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focusing lens 

dipole magnet

defocusing lens 

Transformation through a system of lattice elements

combine the single element solutions by multiplication of the matrices
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typical values 

in a strong 

foc. machine:

x å mm, xÒmrad



Question: what will happen, if the particle performs a second turn ? 
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... or a third one or ... 1010 turns
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Astronomer Hill:

differential equation for motions with periodic focusing properties

ĂHillós equationñ

Example: particle motion with 

periodic coefficient

equation of motion: ( ) ( ) ( ) 0x s k s x s

restoring force  Í const,                                        we expect a kind of quasi harmonic

k(s) = depending on the position s                oscillation:  amplitude & phase will depend 

k(s+L) = k(s),   periodic function on the position sin the ring.



The Beta Function

General solution of Hilĺ s equation:

( ) ( ) cos( ( ) )x s s s

ɓ(s) periodic functiongiven by focusing propertiesof the lattice ź quadrupoles 

Ů, ū= integration constants determined by initial conditions

Inserting (i) into the equation of motion é 
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Ɋ(s) = Ăphase advanceñof the oscillation between point Ă0ñ and Ăsñ in the lattice.

For one complete revolution: number of oscillations per turn ĂTuneñ
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8.) The Beam Emittance

General solution of Hilĺ s equation:

ɓ(s) = periodic functiongiven by focusing propertiesof the lattice

Ů= constant, determined by initial conditions of the particle ensemble.
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Liouville: in reasonable storage rings 

area in phase space is constant.

A = ́ *Ů=const

Ůbeamemittance= woozilycityof the particle ensemble, intrinsic beam parameter, 

cannot be changed by the foc. properties. 

Scientifiquely spoken:area covered in transverse x, x́phase space é and it is constant !!! 
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Phase Space Ellipse

( ) ( ) cos ( )x s s sparticel trajectory:

max. Amplitude: )(Ĕsx x´ at that position é?

é put         into                                                                             and solve for x´)(Ĕsx
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In the middle of a quadrupole ɓis maximum, 

Ŭ= zero 0x

é and the ellipse is flat

*

* A high ɓ-function means a large beam size and a small beam divergence.

é et vice versa !!!
!



Phase Space Ellipse

é solve for x´
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é and determine       via:xĔ 0
dx
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shape and orientation of the phase space ellipse 

depend on the Twiss parameters ɓŬɔ
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Emittance of the Particle Ensemble:

single particle trajectories, N å 10 11  per bunch
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Particle Distribution:
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particle at distance 1 ůfrom centre ź68.3 % of all beam particles
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aperture requirements:  r 0 =  10 * ůLHC: 


