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Lecture Plan (1)

¥Review of particle equations of motion in 
2D without space-charge

- Twiss parameters, envelope equation

¥Examples of space-charge

¥Particle and envelope equations with linear 
space-charge

- Laslett Tune shift

¥Examples of 2D distributions

- KV, waterbag, Gaussian



Lecture Plan (2)
¥Non-linearities

- rms beam sizes, rms emittance

- rms envelope equations

- evolution of rms emittance

¥Stationary distributions with non-linear space-
charge

- ÒKVÓ, waterbag, Gaussian

¥Beam halo, kurtosis

¥Linearised formulae for long and short bunches



Lecture Plan (3)

¥Longitudinal space-charge

¥Self-consistent distributions

- Hofmann-Pederson model

¥Microwave instability

¥Acceleration cycle in a synchrotron 



Lecture Plan (4)
¥Codes for modelling beams with space-charge

¥Envelope codes with linear space-charge

¥Principles of tracking codes

- Particle-in-cell, Þnite elements

- Boundaries and images

- Generation of model distributions

- Leap-frog and other integration techniques

- Charge allocation

¥Available codes, capabilities and limitations



Other Possible Topics

¥Theoretical

- Envelope oscillations

- Instabilities

- Vlasov equation

¥Practical

- Proton drivers

- Techniques to overcome space-charge 
effects



Reading

¥ S.Y. Lee - Accelerator Physics,  (World ScientiÞc)

¥ R. Davidson & Hong Qin - Physics of Intense Charge 
Particle Beams in High Energy Accelerators (WS)

¥ M. Conte & W. Mackay - An Introduction to the 
Physics of Particle Accelerators (WS)

¥ M. Reiser - Theory and Design of Charged Particle 
Beams (Wiley)

¥ R. Dilao & R. Alves-Pires - Non-linear Dynamics in 
Particle Beams (WS)



Review of Simple Particle Dynamics

Equations of Motion in an Electromagnetic Field:
dp
dt

= q
!

E + v ! B
"

Relativistic 3-momentum p = mv = m0! v

Total energy E = mc2 and E2 = p2c2 + m2
0c4

=! E
dE
dt

= c2p á
dp
dt

= qc2p áE

=!
dE
dt

= qv áE

Energy change only from 
Electric Þelds

! =
!

1− v 2

c2

" ! 1
2



When E = 0, E =constant =⇒ ! =constant

=!
dv
dt

=
q
m

v " B

Put Z = x + iy ; (1)+i(2) = ! ¬Z = "
iqB
m

úZ

If úZ = 0 when Z = 0, solution is Z = Z0e! iqBt/m

=! |Z| = constant, circular motion about B -Þeld lines

¬x =
qB
m

úy (1)

¬y = !
qB
m

úx (2)

¬z = 0 = " úz = constant

SupposeB = (0 , 0, B), B constant, then, in cartesian
coordinates (x, y, z),

at a rate −qB
m

= −! C , with constant motion in direction of B



Axisymmetric Motion
When E = 0, equation of motion is

d
dt

(m0! v ) = qv ! B

Assuming B = (0 , 0, B ), motion is axisymmetric,

use cylindrical polar coordinates (r, ! , z)

m0γ
!

¬r ! r úθ2
"

= qBr úθ (1)

m0γ
1
r

d
dt

(r2 úθ) = ! q úrB (2)

Magnetic Þeld only =! |v | = const =! ! = const, so



 BuschÕs Theorem

where ! = " r 2B =
!

B ádS

is the magnetic ßux through the particleÕs path

! -equation: m0!
1
r

d
dt

(r 2 ú" ) = ! qúrB

=" m0! r 2 ú" + qB
!

r úr dt = 0

=" m0! r 2 ú" +
1
2

qBr 2 = K, constant

equivalently m0! r 2 ú" +
q#
2$

= K

assumingB constant
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1. Particle launched at point 1 with ú! 1 = 0

At any other point ( r, ! , z)

m0! r 2 ú" = !
q

2#

!
$ ! $1

"

For uniform Þeld Bz (r, z) = B,

ú! = !
qB

2m0"

!
1 !

r 2
1

r 2

"
= ±

1
2

#c

!
1 !

r 2
1

r 2

"

where ! c =

!
!
!
!

qB
m0"

!
!
!
! is the cyclotron frequency

(Sign depends on polarity of the charge)



2. Particle launched whereB = 0, úθ1 = 0

Then ! 1 = 0, so m0! r 2 ú" = !
q

2#
$

Near axis where! ! " r 2B ,

=! ú! = "
qB

2m0"
= #

1
2

#c = # #L

where ! L =

!
!
!
!

qB
2m0"

!
!
!
! is the Larmor frequency



m0!
!

¬r ! r ú" 2
"

= qBr ú" (1)

From Busch: ú! =
K
r 2 ! " L

r -equation

=! ¬r " r
!

K
r 2 " ωL

" 2

= 2ωL r
!

K
r 2 " ωL

"

=! ¬r + ω2
L r "

K2

r 3 = 0

1. Circular motion, ¬r = 0 = ! r =

√∣∣∣∣
K
! L

∣∣∣∣
2. If K = 0, r " cos/ sin ! L t =! can be focused to a point.

3. If K #= 0, particles cannot be focused to a point.



Motion in Non-Constant Magnetic 
Fields

Scalar potential φ, vector potential A

B = ! " A E = #! φ #
∂A
∂t

Take A =
!

0, 0, A(x, y)
"

, ! 2A =
! 2A
! x2

+
! 2A
! y2

= 0

Time independent =!

" 2! = 0 , " 2A = 0 in source-free regions

With Lorentz gauge ! · A +
1
c2

∂φ

∂t



Holomorphic =! Cauchy-Riemann, Laplace automatically satisÞed

n = 1 A ! x + iy dipole
n = 2 A ! (x2 " y2) + 2 ixy quadrupole
n = 3 A ! x(x2 " 3y2) + iy (3x2 " y2) sextupole

Then B = ∇×A =
! ∂A

∂y
,−∂A

∂x
, 0

"
∝ n(i, −1, 0)Z n ! 1

Simplest solution: A ! Z n , ! = 0 where Z = x + iy

Write x! =
úx
úz
, y! =

úy
úz
, and note in an accelerator úx, úy ! úz

so that v = ( x!, y!, 1) úz, x!, y! ! 1

Equations of motion: m0
d
dt

!

"
γẋ
γẏ
γż

#

$ ! nq

!

"
ż
i ż

" ẋ " i ẏ

#

$ Z n ! 1



n = 2 (real) quadrupole
!

x!! + kx
y!! − ky

"
=

!
0
0

"

n = 2 (imag) skew quadrupole
!

x!! + ky
y!! + kx

"
=

!
0
0

"

n = 3 (real) sextupole
!

x!! + k(x2 − y2)
y!! − 2kxy

"
=

!
0
0

"

n = 3 (imag) skew sextupole
!

x!! + 2kxy
y!! + k(x2 − y2)

"
=

!
0
0

"

From above,
d
dt

(! úz) ! 0

! =
!

1 !
úx2 + úy2 + úz2

c2

" ! 1
2

"
#
1 ! " 2(x"2 + y"2 + 1)

$! 1
2

= (1 ! " 2)! 1
2 + second order terms, where úz = " c

Ignoring second and higher velocity terms, equations of motion are

m0!" 2c2
!

x ′′

y′′

"
! nq" c

!
1
i

"
Z n−1

k =
q ! Field strength

m0!" c

Paraxial equations



Mathieu-Hill Equations

x ′′(s) + kx (s)x = 0

y′′(s) + ky (s)y = 0

where s is distance along beam axis

Paraxial equation of motion in periodic systems:

kx (s), ky (s) periodic focusing functions, k(s + L ) = k(s)

FloquetÕs Theorem conÞrms two independent solutions:

u = w(s)ei ! (s) , v = w(s)e! i ! (s)

The Wronskian is W (u, v) = uv! ! vu! = ! 2iw 2! ! = C, a constant

ChooseC = ! 2i ="
d!
ds

= ! ′ =
1

w2 .

Then, substitute u or v into Mathieu-Hill equation:



u! = ( w! + iw ! !)eiψ = ( w! + i/w )eiψ,

u!! = ( w!! ! iw !/w 2 + iw !! ! ! ! ! /w )eiψ = ( w!! ! 1/w 3)eiψ

u!! + ku = 0 = " w!! + kw !
1

w3 = 0

Any solution of Matthieu-Hill is a linear combination of u, v,

=!
x2

w2 +
!

wx! " w!x
" 2

= A2.

Or: ö! x2 + 2ö" xx ! + ö#x!2 = A2

where ö! = w2, ö" = ! ww′ = !
1
2

ö! ′, ö# =
1

w2 + w′2 =
1 + ö" 2

ö!

x

w
= A cos(! + " ),

d
ds

! x

w

"
= !

A

w2 sin(! + " )

so set x = A w(s) cos(! (s) + " ).



Area of ellipse is! A2( ö" ö# ! ö$2) = ! A2, constant during motion.

Area of largest ellipse for all particles in beam is!"

Beam envelope given by maximum value ofx:

a = Amax w(s) =
!

! w(s)

Equation for w then gives the envelope equation:

a!! + ka !
! 2

a3 = 0

Note: a =
!

! ö" , phase advance# =
"

# ! ds =
"

ds
w2 =

"
ds
ö"

!̂ x2 + 2"̂ xx ′ + #̂x ′2 = $ is beam ellipse in x-x ′ space


