BASIC MATHEMATICAL FORMULAE

Vectors

For vectors

u = (Up, Uy, Uy) = ugl +uyj +uk

Vv o= (Ug,0y,0,) = vpi+v,§ + vk,

where i, j, k are unit vectors along Cartesian axes, the scalar or dot product is

UV = UgUy + UyVy + UV, (1)
and the length of a vector is
lu| = Vu-u = /u2 4 u2 + u? (2)
The vector or cross product is
UAV =UuXV = (Uyv, — UVy)i + (U0 — Ug;)] + (Ugvy — uyvy )k (3)

This can also be written in determinant form as
i j k
UAV=| Uy Uy U (4)
Vg Uy U
Standard identities:
Uy Uy Usy
U VAW = V- WAU=W-UAV=| Uy Uy U, (5)
Wy Wy W,
uA(vAw) = (u-w)v—(u-v)w (6)

Vector Calculus

The gradient of a scalar ¢ is

mado = vo = (52,52, 9). @

The divergence of a vector u is

_ Oug | Ouy | Ou,

divu=V .-u= o a—y—kaz, (8)
and the curl or rotation of the vector is
ou ou ou ou ou ou
1 — t — — z _ 7]; . xr _ z . 7y _ xr k.
curlu=rotu=V Au <(‘3y 8z>1+<8z 8w>']+(8$ 8y> (9)

The Laplacian operator applied to a scalar ¢ is

Ry 0% 0%
¢ ¢ 0x2  Oy? 922’



as follows from (7) and (8).

In cylindrical coordinates (r, 6, z),

- (B8
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Other basic results include
VAVep=0, V-VAu=0.

Gauss’ or Divergence Theorem

For a closed surface S containing a volume V/,

[ =[] e

where dS is in the direction of the outward pointing normal. Related results are:

[l oo = ] oo
R

Stokes’ Theorem

For an open surface S with an oriented boundary curve C,

jia~ dI://SVAa~ ds
//SdS/\V(b:%Cqbdl.

Vector Calculus Identities

A related result is

Vb +9¢) = Vi+Vo

V(oY) = oV +uVs
V-(u+v) = V-u+V-v

V-(pu) = ¢V-u+u-Vo
VA(u+v) = VAu+VAvV
VA(pu) = ¢VAu+VoAu
V:(uAv) = v-VAu—u-VAv
VA(VAU) = V(V-u)-Viu
V-VAu = 0

VAV = 0

(15)

(16)

(17)

(18)

(19)



Note that (27) defines V? operating on a vector. In Cartesian coordinates VZu =
(Vqu, V2, VQuZ) but in other systems, V2u is not in general the Laplacian operating on compo-
nents separately.

Complex Numbers

With the notation i = +/—1, an important result is

e’ = cosf +isin6.

We can write

. : 1
i=e™? and Vi=ii ="/t = cos(iw) —|—isin(iﬂ') =—(1+1i).

V2

When dealing with time dependent quantities such as plane electromagnetic waves, it is common to
use a complex form where the real part is understood. Thus, if C' = ¢; + ico,

(31)

Ce“t —— Re (Ce“"t) = ¢y coswt — cysinwt .

Physical constants

Electron charge e

Electron mass m,

e/me

Proton mass m,,

mp/me

Vacuum permeability g

Vacuum speed of light ¢

Vacuum permittivity €g = 1/(p0c?)
Vacuum impedance Zy = (,uo/eo)%
Vacuum admittance Yy = 1/Z,
Electron rest energy mec>

Classical electron radius r. = pge?/(4mme)
Planck’s constant h

h=h/(2r)

Fine structure constant e?/(2eghc)

Bohr radius ag = 4regh?/(m.e?)

Bohr magneton eh/2m,

Boltzmann’s constant K

1.602177 x 1079 coulomb
9.108 x 103! kg

1.759 x 10! coulomb kg~!
1.672 x 10727 kg
1836

47 x 1077 henry m~
2.998 x 10® m sec™!
8.854 x 10712 farad m™!

376.7 ohm

2.654 x 1073 mho

8.186 x 1071 joule (5.110 x 10° eV)
2.818 x 107'° m

6.625 x 10734 joule sec

1.054 x 10734 joule sec

7.297 x 1073

5.292 x 107" m

9.273 x 1072 amp m?

1.380 x 10723 joule deg™!
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