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The AEM for 4nd order elliptic PDEs [20,21,22,23] 
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Equations governing the deflections of thin plates are the most common examples of fourth order 
elliptic PDEs. Without limiting the generality, we will demonstrate the method by applying it to the 
Bending problem of a plate with combined action of membrane forces. 

The PDE for plate bending under transverse and 
membrane forces 
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The boundary operators are defined as 

 
 
 
 
 
 
 
 
 
 
 
 

The stress resultants 
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The AEM solution 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
The Analog Equation 
 
   4 ( )w b∇ = x         ( )b x      fictitioussource  
 
Using Betti’s reciprocal theorem, we establish the Rayleigh-Green identity 
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For x → Γ  we obtain the boundary integral equations at smooth points 
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At corner points it is 
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 α  is the angle between the tangents of the boundary at the corner point; 
  



J.T. Katsikadelis, Part B (Continued).  The AEM for Elliptic PDEs 59 

 
 
Derivatives of the solution for points ∈Ωx  
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Evaluation of the domain integral  vbd
Ω

Ω∫  

(a) Domain discretization 
The domain Ω  is divided into N  cells and ( )b x  is approximated as in FEM. 
Triangular cells can be automatically established from a set of nodal points using Delaunay Triangulation 
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(b) Conversion of the domain integral to boundary line integral 
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Numerical implementation 
 

BEM with N  constant Boundary Elements and M  domain meshless collocation points 
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The Boundary Integral Equations and the BCs 
are applied at the N+Nc boundary nodal points 
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H, G , A :   known coefficient matrices 
w , cw , ,nw : the vectors of the boundary nodal displacements, corner displacements  
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V , R , M :  the vectors of boundary nodal effective shear forces, the concentrated corner 
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Evaluation of the solution and the stress resultants 
 

After evaluating the boundary quantities , , , , , , ,c nw w w V R M  and the coefficients a , the 
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Variational Solution [13] 
 
The solution after elimination of the boundary quantities can be also put in the form 
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 depends on the following sets of parameters:Π  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(1) (2)
j j j

j

a) The Ritz coefficients a ,a ,a  , j=1,2,...,M 

b) The shape parameters c  of the multiquadrics-RBF

c) The 2M coordinates of the collocation points
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Example 1 : Rectangular plate under transverse and membrane forces

4. Numerical examples

n tN =N =0

4

4

2f = 2kN/m

u=v=0

nw=M =0

y

x

4

kN/mn

t

N 200

N =0

=

n tN =N =0 3

21

point support

2 2 kN/m kN/m6
optimalData : h 0.08m, E=30 10 , 0.2 N 320 M 169 c 0 12 ., f= × ν = == = =

 P=37.63 kNPoint  support  ( P=37.5FEM 5kN)  
 



J.T. Katsikadelis, Part B (Continued).  The AEM for Elliptic PDEs 68 

 

y = 2

y

x

point support

w (y=2)

-0.002
0.000
0.002
0.004
0.006
0.008
0.010
0.012
0.014

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

x

w

FEM AEM

displacements along the boundary

0.000

0.005

0.010

0.015

0 2 4 6 8 10 12 14 16
s

w

FEM AEM



J.T. Katsikadelis, Part B (Continued).  The AEM for Elliptic PDEs 69 

 

mx (y=2)

-14.00
-12.00
-10.00
-8.00
-6.00
-4.00
-2.00
0.00

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

x

mx

FEM AEM

my (y=2)

-16.00
-14.00
-12.00
-10.00

-8.00
-6.00
-4.00
-2.00
0.00

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

x

my

FEM AEM

y = 2

y

x

point support



J.T. Katsikadelis, Part B (Continued).  The AEM for Elliptic PDEs 70 

 
 

Example 2.  Square plate on biparametric elastic foundation  
                    in addition to four piles  
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Non linear 4th order PDEs. Large Deflections of plates 
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Post buckling analysis of plates [24] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 1 : Square plate with simply supported movable edges  
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Load – deflection curve at the center of the plate 
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Load – deflection curves for different initial deflection forms 
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